
 

 

Proceedings of the Technical Sessions, 42 (2026) 37-46 

Institute of Physics, Sri Lanka                                                                                         37 

 

 

Arm-Crossing Times and Orbital Dynamics in Simplified Spiral Galaxy Models  

Arm-Crossing Times and Orbital Dynamics in Simplified Spiral Galaxy 

Models 

 

Y. L. Ramawickrama1, P. A. A. Perera1, Prabhath Hewageegana1, Shameer Abdeen2 

 

1Department of Physics and Electronics, University of Kelaniya, Sri Lanka. 

2Department of Physics and Astronomy, Georgia State University, GA 30303, USA. 

 

aramaw.phy24003@kln.ac.lk 

 

1. ABSTRACT 

Spiral arms are among the most familiar and visually striking features of disk galaxies, yet their 

physical nature and their influence on star formation are still not fully understood. In this study, 

a set of intentionally simplified toy models is developed to explore how spiral structure affects 

stellar orbits and the frequency at which stars and gas cross spiral arms. Instead of attempting 

to recreate the full complexity of real galaxies, we concentrate on identifying a small number 

of essential physical components, including logarithmic spiral geometry, flat rotation curves 

and epicyclic stellar motion. By controlling parameters such as pitch angle, pattern speed, and 

the number of spiral arms, we systematically examine the resulting changes in spiral 

morphology and orbital behaviour. Stellar motions are analyzed using configuration-space 

maps, radius-time tracks, and phase-space diagrams, and the arm-crossing time is calculated as 

a function of the galactocentric radius. Although these models are highly idealized, they provide 

a valuable framework for developing physical intuition and for connecting large-scale spiral 

dynamics to gas compression and star-formation timescales discussed in more sophisticated 

numerical models. 
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2. INTRODUCTION 

Spiral structure is one of the most immediately recognizable features of disk galaxies, including 

the Milky Way. Spiral arms govern the physical appearance of galactic disks, which range 

from nearby grand-design spirals to more turbulent systems. Despite this familiarity, there 

is ongoing discussion in galactic astrophysics regarding the physical origin of spiral arms and, 

more significantly, their role in controlling star formation. Researchers have proposed numerous 

theoretical and numerical models over several decades, but none have fully explained the wide 

range of spiral morphologies observed across different galaxies [1,2]. 

 

One of the earliest and most influential theoretical descriptions of spiral structure was 

introduced by Lin and Shu [3], who proposed that spiral arms could be understood as long-lived, 

quasi-stationary density waves propagating through the galactic disk with a fixed pattern speed. 

In this framework, spiral arms behave more like coherent patterns rather than permanently 

bound groups of stars. Due to its natural prediction of resonances, such as corotation and 

Lindblad resonances, which are crucial to orbital dynamics, and its ability to offer a 

mathematically well-defined description of spiral geometry, this theory has had a significant 

impact [2]. 
 

However, advances in numerical simulations over the past few decades have challenged the 

file:///C:/Users/HP/Downloads/aramaw.phy24003@kln.ac.lk


 

 

Proceedings of the Technical Sessions, 42 (2026) 37-46 

Institute of Physics, Sri Lanka                                                                                         38 

 

 

Arm-Crossing Times and Orbital Dynamics in Simplified Spiral Galaxy Models  

universality of the steady density-wave picture. Many high-resolution simulations indicate that 

spiral arms can arise as transient and recurrent features driven by gravitational instabilities, 

swing amplification, and the self-gravity of the stellar disk [4,5,6]. In these models, spiral arms 

may form, wind up, dissolve and reform on timescales comparable to a galactic rotation period. 

Such behaviour raises questions about whether long-lived patterns, short-lived features, or some 

combination of the two best describe real spiral galaxies. Observationally, distinguishing 

between these scenarios remains difficult, and it is increasingly recognized that a single 

mechanism governing spiral structure in all galaxies may not exist [2,7]. 
 

Regardless of their detailed physical origin, spiral arms are closely associated with regions of 

enhanced gas density and recent star formation. Molecular clouds, H II regions, and young 

stellar populations consistently appear along spiral arms, particularly in massive grand-design 

spirals [8,9]. This close association suggests that spiral arms play an important role in 

compressing interstellar gas and influencing the conditions under which gravitational collapse 

can occur. However, not all spiral arms are equally effective at producing stars, and inter-arm 

regions also show significant star formation. These observations indicate that star-formation 

activity cannot be identified solely by the presence of spiral structure. 
 

As a result, dynamical timescales associated with star formation are becoming increasingly 

important, rather than focusing solely on density enhancement. One critical timescale is the 

interval between consecutive passages of stars or gas through spiral arms. Although a spiral arm 

slightly increases the local density, the gas may not remain compressed long enough to undergo 

gravitational collapse if it crosses the arm too quickly. Conversely, if gas remains within the arm 

for an extended period, the probability of collapse and subsequent star formation is expected to 

increase. The arm-crossing time, therefore, provides a natural connection between large-scale 

dynamics and the local star-formation process, as it depends on fundamental galactic properties 

such as the rotation curve, the spiral-arm pattern speed, and the number of spiral arms [10,11]. 
 

This study aims to explore these ideas using deliberately simplified toy models of spiral 

galaxies. The primary focus is on isolating a few key physical components and analyzing their 

effects in a controlled environment, rather than attempting to reproduce the full complexity of 

real galactic disks. In doing so, this work aims to provide physical insight into how orbital 

dynamics, spiral geometry, and characteristic timescales interact. 

 

2.1 Model Construction and Parameter Space 

The present study is based on a single analytical toy-model framework rather than a suite of 

independent numerical galaxy simulations. The objective is not statistical model fitting, but 

rather a controlled dynamical exploration of how spiral geometry and pattern speed influence 

orbital evolution and arm-crossing timescales. 

 

The model combines four fundamental components: (i) a flat galactic rotation curve, (ii) 

logarithmic spiral geometry, (iii) epicyclic stellar motion, and (iv) a rigidly rotating spiral pattern 

with a fixed pattern speed. 

The following parameters are systematically varied to explore different dynamical regimes: 

• Pitch angle: p = 5°– 30° 

• Number of spiral arms: m = 2 and m = 3 

• Pattern factor: Ωp/Ω0 = 0.6–1.2 

• Epicyclic amplitude: A/Rg ≤ 0.1 
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For each parameter combination, the arm-crossing time is computed analytically as a function of 

galactocentric radius. No observational calibration or statistical fitting procedures are applied. 

Instead, the model is designed to isolate the dependence of dynamical timescales on spiral 

morphology and rotational properties. 

 

3. DIFFERENTIAL ROTATION AND WINDING PROBLEM 

Real disk galaxies exhibit approximately flat rotation curves, meaning that the azimuthal velocity 

remains nearly constant with radius. Consequently, the angular rotation frequency decreases with 

increasing radius. This differential rotation has a well-known implication for spiral structure 

[12]. 
 

If spiral arms were composed of a fixed set of stars, that is, if they were purely “material arms”, 

then differential rotation would cause them to wind up rapidly [13]. Inner regions of the disk 

would complete multiple revolutions, whereas outer areas lag transforming any initially open 

spiral pattern into a tightly wound structure within a few galactic rotations. This rapid winding 

is inconsistent with the widespread presence of well-defined spiral arms in galaxies and 

therefore poses a fundamental challenge to purely material interpretations of spiral structure [1]. 

In the present model, the angular frequency is parameterized assuming a flat rotation curve, 

Ω(𝑅) =  Ω0
𝑅0

𝑅
 ,                  (1) 

 

where R is the galactocentric radius in kiloparsecs (kpc), and Ro is a reference radius, taken to be an 

approximate distance to the Sun from the galactic center, Ro ≈ 8 kpc. This simple scaling 

captures the essential effect of differential rotation, allowing the evolution of orbital phases at 

different radii to be examined transparently. 
 

The consequences of differential rotation are illustrated in the radius-time diagram shown in 

Figure 1, where stars at different guiding radii drift apart in-phase over time. The figure clearly 

shows that even in the absence of any additional perturbations, differential rotation alone leads 

to significant radial and azimuthal dephasing across the disk. 

 

 

 

 

 

 

 

 

 

Figure 1: Radius-time diagram showing stellar orbital evolution in a disk with a flat rotation 

curve. Each colored curve represents the radial trajectory of an individual star with a distinct 

guiding radius Rg. Differences in slope reflect the radial dependence of the angular 
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frequency Ω(𝑅) =  𝑉0 𝑅⁄ , demonstrating differential rotation. The vertical dashed line 

marks the reference time tref = 0.75 Gyr . The boxed annotation indicates the analytically 

calculated arm-crossing time at the reference radius 𝑅𝑜 = 8 kpc, where 𝑡𝑐𝑟𝑜𝑠𝑠(𝑅𝑜) =
1.88 Gyr. 

 

At the selected reference time 𝑡𝑟𝑒𝑓  stars located at smaller guiding radii have progressed further 

through orbital phase than those at larger radii. This behaviour arises from the inverse radial 

dependence of the angular frequency in a flat rotation curve, Ω(R) ∝ R−1. The progressive 

separation of orbital phases illustrates the classical winding problem: if spiral arms were 

composed of a fixed set of stars (material arms), differential rotation would cause them to wind 

up tightly within only a few galactic rotations. 
 

The boxed arm-crossing time at Ro provides a dynamical reference timescale for subsequent 

sections, where the relative motion between stars and the spiral pattern is examined explicitly. 

 

3.1 Logarithmic Spirals and Pitch Angle  

To introduce spiral structure in a controlled and analytically convenient way, stars are initially 

placed along logarithmic spiral arms. The azimuthal location of the spiral arms is described by, 

𝜙𝑠𝑝(𝑅) =  𝜙0 +
ln(

𝑅

𝑅0
)

tan 𝑝
+

2𝜋𝑘

𝑚
,                          (2) 

where 𝑝 is the pitch angle, m is the number of spiral arms (for example, 𝑚 = 2 for a grand design 

spiral), and 𝑘 denotes individual arms (𝑘= 0, 1,…,m -1). 

Logarithmic spirals have a constant pitch angle, meaning that the angle between the local 

tangent to the spiral arm and the tangent to a concentric circle remains constant at all radii. This 

property closely matches how spiral-arm morphology is quantified in real galaxies [14]. 

Observationally, logarithmic spirals provide a good description of many spiral galaxies over a 

substantial radial range, and the pitch angle is widely used as a standard quantitative measure 

of spiral structure. From a modelling perspective, logarithmic spirals are particularly useful 

because the pitch angle does not vary with radius.  
 

Observed pitch angles in spiral galaxies typically range between 5◦ and 30◦, depending on 

morphological type and stellar mass [12,14]. Early-type spirals generally exhibit smaller pitch 

angles, corresponding to tightly wound arms, whereas late-type systems display more open 

structures with larger pitch angles. In this study, we adopt the range 5◦– 30◦ to represent realistic 

spiral morphologies. Larger pitch angles correspond to more open, loosely wound spirals 

(Figure 2), while smaller pitch angles produce more tightly wound patterns (Figure 3) [15]. 
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Figure 2: Two-armed logarithmic spiral pattern (m = 2) generated using the analytical model 

with pitch angle p = 30°. The spiral follows the functional form. 𝜙𝑠𝑝(𝑅) =  𝜙0 +
ln(𝑅 𝑅0⁄ )

tan 𝑝
. 

A larger pitch angle produces a more open and loosely wound spiral structure, with arms 

extending outward at a shallower azimuthal gradient.  

 

Figure 3: Three-armed logarithmic spiral pattern (m = 3) generated with pitch angle p = 20°. 

Compared to Figure 2, the smaller pitch angle results in a more tightly wound spiral 

morphology, with the arms exhibiting a steeper azimuthal gradient with radius. 

 

By adjusting only the pitch angle and number of arms, it is possible to explore a wide range of 

spiral morphologies without introducing additional complexity. This makes it easier to isolate the 

influence of spiral geometry alone on stellar orbits and characteristic timescales. 
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3.2 Epicycle Approximation and Radial Oscillations 

Stars in disk galaxies generally follow nearly circular orbits, with minor deviations caused 

by perturbations in the gravitational potential. These deviations can be described using the 

epicyclic approximation, in which stars oscillate radially about a guiding-centre radius while 

continuing to orbit the galactic centre [16]. The radial motion can be modelled as 

                         𝑅(𝑡)  =  𝑅𝑔  +  𝐴 sin (𝜅𝑡 +  𝜙𝑒𝑝𝑖),        (3) 

where 𝑅𝑔 is the guiding radius, A is the epicyclic amplitude, and 𝜅 is the epicyclic frequency. 

For a flat rotation curve, the epicyclic frequency is well approximated by 𝜅 ≈ 1.4 Ω(R)  [16]. 

The radius-time (R-t) diagram shows these radial oscillations as small “wiggles” about the 

mean radius (Figure 1). Although these oscillations are modest in amplitude, they play an 

essential role in shaping the phase space structure of the disk (Figure 4), where the characteristic 

relationship between radial position and radial velocity emerges naturally from the epicyclic 

motion. 

 

Figure 4: Radial phase-space diagram (R-VR) for model stars evolving under the epicyclic 

approximation in a disk with a flat rotation curve. Each point represents the instantaneous 

radial position R and radial velocity VR of a star with guiding radius 𝑅𝑔 and small epicyclic 

amplitude. The characteristic elliptical structure reflects harmonic radial oscillations about 

the guiding-centre radius. 

 

Figure 4 shows the phase-space structure generated by a group of model stars with different 

guiding radii 𝑅𝑔.  Each star undergoes small-amplitude radial oscillations about its guiding 

centre, producing approximately closed trajectories in R-VR space. In the absence of additional 

perturbations, the motion is nearly harmonic, leading to the organized phase-space pattern seen 

in the figure. This demonstrates how near-circular orbits in smooth galactic potentials naturally 

generate structured radial velocity distributions. 
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3.3 Density-wave Picture, Pattern Speed and Arm-crossing Time 

In the Lin–Shu density-wave framework, spiral arms are treated as a quasi-stationary pattern 

rotating through the disk with a fixed pattern speed Ωp. At the same time, stars orbit with an 

angular frequency Ω(R) that changes with radius [3]. Because Ω(R) ≠ Ωp in general, stars drift 

relative to the spiral pattern and repeatedly cross the spiral arms. 
 

The frequency with which a star crosses the spiral arms is given by, 

 

𝜈𝑐𝑟𝑜𝑠𝑠 = 𝑚|Ω(𝑅) − Ωp|                                                          (4) 

 

where m is the number of spiral arms. The corresponding arm-crossing time is therefore 

defined as the inverse of this frequency. 

 

 

Figure 5: Radial variation of the arm-crossing time tcross (R) for a representative two-armed 

spiral model (m=2) with pitch angle p=15° and pattern factor Ωp/Ω0 = 0.8. The black dashed 

vertical line marks the reference radius Ro =8 kpc, while the red dotted line indicates the 

corotation radius RCR where Ω(R) = Ωp. The divergence of tcross at RCR reflects the vanishing 

relative angular speed between stars and the spiral pattern.  
 

Figure 5 does not correspond to a specific observed galaxy but instead represents a single 

parameter realization within the analytical framework. The curve is generated for chosen values 

of m, p, and Ωp/Ω0, and is intended to illustrate general dynamical behaviour rather than 

reproduce observational data. 
 

The black dashed vertical line marks the reference radius Ro, while the red dotted line indicates 

the co-rotation radius RCR defined by the condition Ω(RCR) = Ωp. At corotation, the relative 

angular speed between stars and the spiral pattern vanishes, leading to a divergence in the arm-

crossing time. 
 

In the numerical implementation, the angular frequency at the reference radius is defined as 

     Ω(𝑅𝑜)  ≡  Ωo,            (5) 
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The spiral pattern speed is parameterized as a fixed fraction of the local angular speed. 

 

Ω𝑝  = pattern factor ×  Ω(𝑅𝑜),                         (6) 

 

allowing the relative motion between stars and spiral arms to be controlled straightforwardly and 

enabling the exploration of different dynamical regimes. 

 

The arm-crossing time at the reference radius is then given by 

𝑡𝑐𝑟𝑜𝑠𝑠(𝑅𝑜) =  
1

𝑚|Ω(𝑅𝑜)−Ω𝑝|
,         (7) 

At radii well inside or outside corotation, the relative angular velocity is large, and the crossing 

time is short. Near corotation, however, the relative motion becomes small and the time 

between successive spiral-arm encounters increases sharply. This behaviour highlights the 

fundamental role of corotation in regulating the duration of spiral-arm interactions.  
 

3.5 Physical Interpretation 

The behaviour of the arm-crossing time can be interpreted in simple physical terms. When the 

pattern speed is close to the local angular frequency (pattern factor ≈ 1), the reference radius 

lies near corotation such that Ωp ≈ Ω(Ro). In this regime, stars remain nearly phase-locked with 

the spiral pattern, and the arm crossing time formally diverges 𝑡𝑐𝑟𝑜𝑠𝑠 → ∞. This regime is 

particularly significant for resonant interactions and long-term orbital evolution. 
 

When the pattern speed is lower than the stellar angular frequency (pattern factor < 1), the spiral 

pattern rotates more slowly than the stars at Ro. As a result, stars move through the density wave 

and cross the spiral arms periodically. Increasing the number of spiral arms reduces the arm-

crossing time, as more arms are encountered during each orbital period. 
 

From the perspective of the interstellar medium, the arm-crossing time quantifies how 

frequently gas is subjected to compression within spiral arms. This timescale, therefore, plays 

a central role in determining how often shocks form, how long gas remains compressed, and 

whether gravitational collapse can proceed efficiently. In this sense, the arm-crossing time 

provides a natural link between large-scale spiral dynamics and local star-formation processes, 

as emphasized early in studies of spiral shocks and triggered star formation [11]. 
 

4. RESULTS, INTERPRETATION AND LIMITATIONS 

The results of these toy models are best viewed as a guide to physical intuition rather than as 

detailed predictions. Pitch angles, number of spiral arms, and pattern speed are among the few 

parameters that can be varied to clearly demonstrate how orbital dynamics and spiral geometry 

influence stellar behaviour in disk galaxies. 
 

Spiral morphology is directly and strongly affected by changes in pitch angle, leading to either 

tightly wound or more open spiral patterns. Similarly, two-armed spirals tend to retain coherence 

over a wide radial range, whereas spirals with multiple arms appear more fragmented. Although 

these trends are built into the model by construction, their clear manifestation in configuration-

space plots highlights how strongly global geometry influences the observed appearance of 

spiral galaxies. 
 

The orbital diagnostics further show that small radial oscillations about guiding-centre radii 

provide a good description of stellar motion. These oscillations illustrate how smooth 
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gravitational potentials can generate structured, non-random orbital behaviour. Despite their 

modest amplitude, they give rise to a distinctive structure in phase space. 
 

A key result concerns the arm-crossing time and its strong dependence on radius. In particular, 

the asynchronization between stellar orbits and the spiral pattern is evident in the pronounced 

increase in arm-crossing time near the corotation radius. Stars cross spiral arms more often 

when they are away from corotation, and the interval between crossings decreases as the 

number of spiral arms increases. 
 

On a physical level, the results indicate that spiral arms primarily influence star formation by 

regulating the duration of gas compression rather than simply increasing density. Gas in two-

armed spirals may experience fewer but longer compression events, whereas gas in multi-armed 

spirals is compressed more often but for shorter durations. 
 

Because gas dynamics, self-gravity, feedback, and transient spiral evolution are not included, the 

models’ minimal nature necessarily limits their realism. However, this simplicity also makes it 

easy to isolate and understand the fundamental roles of orbital dynamics and characteristic 

timescales. The results, therefore, provide a useful conceptual baseline for interpreting more 

sophisticated numerical simulations and for understanding how large-scale spiral structure can 

influence local star-formation processes. 
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